The differential renormalization method is applied to three dimensional topologically massive Yang-Mills and Chern-Simons theories. The method is especially suitable for these theories as the problems of defining the dimensional continuation of three dimensional antisymmetric tensor are avoided and the Feynman rules of these theories in coordinate space are simpler than those in four dimensional theories. The calculus involved is lengthy but not so difficult as other existing calculation. In addition to one-loop propagators and vertices, we derive the one-loop local effective action of topologically massive Yang-Mills theory. Then we consider Chern-Simons field theory as the large mass limit of topologically massive Yang-Mills theory, the result shows the presence of famous k-shift. Some useful formulas for the calculus of differen- † ICSC-World Labortaory, Switzerland 1 tial renormalization of three-dimensional field theories are given.
tial renormalization of three-dimensional field theories are given.
I. INTRODUCTION
The differential renormalization (DR) method was proposed by Freedman, Johnson and Latorre [1] to deal with the ultraviolet divergences of quantum field theories few years ago.
Its original idea comes from the observation that the primitively divergent amplitudes are well defined in coordinate space for non-coindent points, but too singular at short distance to allow a Fourier transform into momentum space, so they suggested to renormalize these amplitude by writing these singular amplitudes as derivatives of some less singular functions which have well defined Fourier transformations, then performing their Fourier transformation and discarding the surface terms. Above ideas can be illustrated in terms of the 1-loop 4-point bubble graph of massless φ 4 theory in 4-dimensional space-time. As we know, this amplitude involves the function 1/x 4 , which is singular at x = 0, corresponding to the ultraviolet divergence. In order to realize its differential renormalization we follow ref. [1] to use the identity, 1
, for x =0,
where the function ln(x 2 M 2 )/x 2 has a well defined Fourier transform 4π 2 ln(p 2 /M 2 )/p 2 with M = M/γ and γ is the Euler's constant. Then after discarding the surface term we get that the regulated Fourier transform of 1/x 4 is −π 2 ln(p 2 /M 2 ).
DR method has been applied to many cases, such as φ 4 theory up to three loops [1] and massive theories [2] , supersymmetric Wess-Zumino model up to three loops [3] , Yang-Mills theory in background field method up to one-loop [1] , Quantum Electrodynamics up to two loops [4] and low dimensional Abelian gauge theory [5] . Its relation with conventional dimensional regularization in some theories [6, 19] and compatibility with unitary have been investigated [7] . DR has been shown to be much simpler and more powerful in many cases.
In this paper we shall use the DR method to study the perturbative three dimensional topologically massive Yang-Mills theory (TMYM), which, we will show, DR is especially suited for.
The action of TMYM [8] , which is obtained by adding to the standard non-Abelian gauge action the Chern-Simons term, can be written as (in Euclidean space),
where the first term, i.e., the Chern-Simons term, exists only in three dimension. It is easy to see that under a gauge transformation U above action transforms as
As it is well known, the Wess-Zumino term S W Z takes integer value so that the theory is expected to be be gauge invariant at quantum level when k takes integer value. At the same time, an interesting property of S m is that the gauge excitations are massive, with mass m.
This property exits only in three dimensions, and is not shared by other dimensions.
The perturbative properties of TMYM have been studied in refs. [8, 9] . As pointed out in [9] , these computations are not trivial and require diligence. From our point of view, TMYM is defined in three dimensional space so that its coordinate space expressions of propagators have good analytic forms (see below), we can expect the it will be rewarding to use DR.
Furthermore the topological properties of TMYM depend heavily on the 3-dimensional antisymmetric tensor ǫ µνρ . A calculation without using dimensional continuation is significant.
A by-product of above DR calculation of TMYM is to discuss the famous k−shift problem of perturbative Chern-Simons theory (CS), i.e., whether the quantum correction of the parameter k to k + C V , where C V is the value of the quadratic Casimir operator of the gauge group in adjoint representation, exists. As we know, the Chern-Simons action is nothing but the first term in Eq.(2). Obviously we can consider TMYM as a partially (high covari-ant derivative) regulated version of CS, or, CS as large mass limit (m→∞) of TMYM [11] .
During past several years there have been existed quite a number of papers dealing with perturbative properties of CS by using various regularization schemes such as higher covariant derivative (HCD) +generalized Pauli-Villas regularization [10] , HCD+dimensional regularization [11, 12] , operator regularization [13] , η function regularization [14] , geometric regularization [15] and Feynman propagator regularization [16] etc. From these results we can find a controversy on the existence of the k−shift. The answers depend on the regularization schemes [17] . Some of them show k -shift and others do not. Considering the ambiguity of dimensional regularization of ǫ µνρ tensor and the problem of the Pauli-Villas regularization pointed out in ref. [22] , we think it is a significant approach to use differential regularization to discuuss it. Our final result confirms the existence of k-shift.
This paper is organized as follows. In section II we present the Feynman rules in coordinate space of TMYM. The section III, is devoted to the explicit calculation of one-loop amplitudes which are needed for determining one-loop local effective action. We pick up ghost self-energy, vacuum polarization tensor and gauge boson-ghost-ghost vertex. Then in Section IV Slavnov-Taylor identity are explicitly derived and used to determine the one-loop local effective action. In section V, a short summary and some discussions are given. Finally an appendix is added to contain necessary formulas utilized in the calculation. We think these formulas are also useful for DR calculations of other low-dimensional theories.
II. FEYNMAN RULES IN COORDINATE SPACE
By defining g 2 = 4π/|k| and rescaling A → A/g, we can rewrite TMYM action (1) as
Its corresponding BRST invariant action in Landau gauge can be given by
The BRST transformation of fields are
Here we choose Landau gauge because of its good infrared behavior [9] . In essential, for pure Chern-Simons field theory, the Landau vector supersymmetry [17, 20, 21] ,
which only exists in Landau gauge, plays a crucial role in the cancellation of infrared divergence. Although the inclusion of Yang-Mills term in TMYM breaks this symmetry, it does not ruin the cancellation of infrared singularity.
The generating functional can be formally written as
Differential renormalization works in coordinate space, so we need the Feynman rules in coordinate space, which can be obtained by standard procedure.
Defining that
we can get Feynman rules as follows ( fig.1 ),
where superscripts "(0)" denote free propagators or bare vertices. We can see that above
propagators are much simpler in comparison with Bessel functions in ordinary 4-dimensional massive theories [18] .
III. ONE-LOOP AMPLITUDES
Now we use differential renormalization method to compute one loop renormalization of TMYM. Naive power counting shows some of the one loop diagrams are ultraviolet divergent, but as we also will show that, in some sense, TMYM essentially is a finite theory [9] . In order to explicitly manifest this finiteness, we introduce a short distance cutoff by excluding a small ball B ǫ of radius ǫ about the origin as in refs. [1, 7] , although the differential renormalization does not need to explicitly introduce it.
Let us analyze the one loop ghost self-energy first. Its Feynman diagram is shown in fig.   2 . The Fourier transformation of its amplitude can be written as
Here we would like to emphasize that we need to be careful about the position of the partial differential operator from the Feynman rule (9) . By using (9) and formulas in the appendix we have
Writing singular functions at r = 0 in above integrand as derivatives of less singular functions, we get
where Ei(x) is Exponential Integral Function, which is defined to be
Particular attentions should be paid to differential operators in (12) when we perform the Fourier transformation. For example,
where the first term (mπ/2) comes from the surface contribution of the short distance cut-off ball B ǫ . Finally, by using the formulas in appendix, we obtain the one loop ghost self-energy
The one loop gluon vacuum polarization part can be computed in similar way. From the consideration of general symmetry, the proper gluon self-energy has the form
The single ghost loop contribution to vacuum polarization tensor ( fig. 3b) is
Combining it with the contribution from the singular gluon loop, we have 
Again after performing Fourier transformation we arrive at that
The calculation of one gluon loop contribution to Π e is similar but tedious. The result is fig.4 .
The dimensional analysis shows these amplitudes are divergentless. The amplitude of fig.4 can be written as
where p + q + r = 0. The contribution of fig.4a is
For our aim, to construct local part of effective action, we only need to consider the limit of zero momentum. The result is
As for the amplitude for Fig.4 (b) , it can be reduced to
Similar analysis and a lengthy calculation gives
From Eqs. (20), (22) and (24), we can conclude that one-loop Acc vertex takes following form
This is nothing but the Z g (0) = 1 in gauge theory, which is correct to any order in perturbative theory.
IV. ONE-LOOP LOCAL EFFECTIVE ACTION
In above sections, we have calculated vacuum polarization tensor, ghost self-energy and
Acc vertex. Now we are in a position to derive the local effective action. The method is the same as in ref. [11] for Chern-Simons theory.
We define the generating functional Z[J, η,η, M, K, L] with the external field K a µ and L a coupled to respectively non-linear BRST transformation products D µ c a and
where X = (A µ , B, c,c). The Slavnov-Taylor identity from the BRST transformation (5) can be derived from
In addition, the invariance of
lead to B-filed and anti-ghost filed equations respectively
Defining the generating functional of connected Green function W and that of 1PI Green function Γ (quantum effective action)
we get the Slavnov-Taylor identity, B-field and anti-ghost field equation imposed on Γ
Eq.(32) implies that we can write Γ as that
The substitution of Eq. 
whereΓ (0) is just the classical effective action with no inclusion of the gauge-fixing term
Substituting above expansion into Eq.(36) and comparing the coefficients ofh 0 andh 1 terms lead to
and
∆ is the linear Slavnov-Taylor operator
Note that we have used that
∆ is the quantum analogue of classical BRST operator, it is nilpotent
Now we follow the way in Ref. [11, 17] to find the solution to Eq.(42). With the requirement of zero ghost number and mass dimension 3 we get the general form of one-loop effective action
where α i and β i are constant coefficients. In comparison with the CS case in refs. [11, 17] , .
the difference only lies in the mass dependent terms, and the formal large m limit of Eq. (46) has the same form as theirs. Furthermore by using results in last section we can determine the parameters as follows,
Thus, the explicit local effective action up to one-loop is read as that
Finally the one loop effective action of Chern-Simons theory can be easily obtained by taking the large mass limit m→∞. Obviously the wave renormalization constants are
This result can be casted into the k−shift form, i.e.,
V. SUMMARY
We have completed the coordinate space calculus of the topologically massive Yang-Mills theory and Chern-Simons theory by using the method developed in the differential renormalization. This approach shows the differential renormalization method is very powerful, especially for three dimensional quantum field theory. For TMYM the calculus in terms of dimensional regularization is nontrivial, as that pointed out in ref. [9] . Besides, the dimensional continuation of ǫ µνρ is still an open problem. The possible effect of this continuation on the topological properties depended closely on the dimension of space-time is not quite trusted. In our differential regularization calculation we do not continue space dimension so that the difficulty related to the continuation of antisymmetric tensor ǫ µνρ is avoided. The results coincide with the ref. [9] , and differ from the ref. [8] . To our knowledge this is the only calculation of TMYM except ref. [9] .
For Chern-Simons theory this regularization gives famous k-shift.
In appendix we give a series formulas which, in our feeling, are very useful for coordinate calculation of any three dimensional theories. For example by using these formulas we can get the analytic expression of one loop gauge field self-energy part of three dimensional This is essentially the same as the result in ref. [5] , where, but, only an integral form is given.
